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Abstract 



In the minisuperspace models of quantum cosmology, the absence of time 
in the Wheeler-DeWitt (constraint) equation, is the main point leading to 
the generally accepted conclusion that in the quantum cosmology there is no 
possibility to describe the evolution of the universe proceeding in the cosmic 
time (the time usually used in classical cosmology). We show that in spite 
of the constraint, under the specific circumstances, the averaging of some of 
the Heisenberg equations can give nontrivial additional information about ex- 
plicit time dependence of the expectation values of certain dynamical variables 
in quantum cosmology. This idea is realized explicitly in a higher dimensional 
model with a negative cosmological constant and dust as the sources of grav- 
ity. When there is an anisotropy in the evolution of the universe, the above 
phenomenon (i.e. explicit cosmic time dependence of certain expectation val- 
ues) appears and we find the new quantum effect which consists in "quantum 
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inflationary phase" for some dimensions and simultaneous "quantum defla- 
tionary contraction" for the remaining dimensions. The expectation value of 
the "volume" of the universe remains constant during this quantum "inflation- 
deflation" process. 
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I. INTRODUCTION 



In the quantization of generally covariant systems, like General Relativity (in any number 
of dimensions), one has to take into account a fundamental constraint which basically tell 
us that the total Hamiltonian of the classical system equals zero [1], H ^ 0. The sign ^ is 
used [2] instead of if = to emphasize the fact that although H is zero along the classical 
trajectories, it is still non trivial in a sense that it may have non zero Poisson brackets with 
other dynamical variables. 

In the quantized version of the theory, the physical states have to satisfy the constraint 
equation — which means that those states should be time independent. One believes 
usually that the expectation values of the Heisenberg equations for operator of any dynamical 
variable is always zero just by virtue of the constraint equation, i.e. expectation values of 
all the dynamical variables must be time independent too. Such a situation is interpreted in 
the literature as the statement (having almost the power of a theorem) that time disappears 
from quantum gravity [1,3,4]. In particular, in the context of quantum cosmology, this 
statement is formulated as the generally accepted conclusion that there is no possibility to 
describe the evolution of the universe proceeding in the cosmic time. 

We will see here that the above conclusions can be premature. This will be done by pre- 
sentation of an explicit counter-example where cosmic time keeps its original role in quantum 
cosmology: the expectation values of certain variables have non trivial dependence on the 
same cosmic time which enters, for instance, in the classical equations of the Priedmann 
cosmology. 

The reason for the recovery of a non trivial time dependence in quantum cosmology, 
in spite of the fact that H equals zero when applied on physical states, lies on the two 
complementary facts: a) The Hamiltonian is still a nontrivial operator since it must have 
non trivial commutators in order to reproduce the Heisenberg equations. This means that 
there must be non physical states \N.P.) for which H\N.P.) ^ 0. b) In our specific model, 
the physical states , for which = is satisfied, are found to be non normahzable 



3 



states. This forces us to consider in any case the "non physical" states of a) in order to 
define expectation values of relevant operators with the help of a hmit process \N.P.) — > |^). 
Since for the non physical states H\N.P.) ^ 0, non trivial time dependence can appear in 
the the expectation values of some of the Heisenberg equations. 

We will display this interesting phenomenon of the appearance of nontrivial time de- 
pendence in quantum cosmology in the context of a Kaluza-Klein model which allows for 
anisotropic evolution: expansion of 3 dimensions and contraction of the extra dimensions 
for a physically attractive scenario. In this model, a negative cosmological constant does 
not let the total volume of the universe grow, while quantum effects stabilize the volume 
against collapse. 

It is important to point out that the appearance of time we display in our model, does not 
rely on some WKB approximation [] or on the use of some field variable as time [], rather, it 
is the genuine, original cosmic time which fulfils its natural duty to be the time parameter 
of the theory even at the intrinsic quantum level. A somewhat related approach which also 
gives cosmic time dependence for averages of certain dynamical variables in the presence of 
anisotropy was developed by Kheyfets and Miller in Ref.[5]. For the generahzation of this 
approach see Ref.[6]. 

II. DESCRIPTION OF THE MODEL AND ITS CLASSICAL DYNAMICS 

We start from studying a higher dimensional homogeneous totally anisotropic spatially 
flat cosmological model 



which is assumed to be toroidally compact: < xi < Li. The scalar curvature corresponding 
to Eq.(17) is given by 
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where V — HjLi o-i = " volume" of the universe. We will assume that the only sources of 
gravity are a negative cosmological constant A < and dust. The gravitational action can 
be written then as 

D 



q 



- I d^xdt^/^{R - 2A) = --l[Li [ Ldt (3) 



where k = IQttG and up to a total derivative term, the Lagrangian L is given by 

lD-l(dvY I' /dOnoO ^M^Vx9A,/ m 

For simplicity, we choose units where ^ H^i Li = 1 so that 

Sgr^- j Ldt (5) 



In addition to the equations derived from (4) and (5) we have to impose the constraint 
saying that the Hamiltonian H is zero (the statement which coincides with the — com- 
ponent of Einstein's equations). The presence of dust affects only the constraint equation 
which reads 

V D \dt) D^^\ dt dt ) ■ ' ' 

where > is a constant which has the interpretation of the dust energy density times the 
volume V of the universe. 

The form of the Lagrangian and the constraint may be simplified to a marked degree if 
one uses the following parametrization for ai{t) 

«/W = [Vitp^e^'^'l (7) 

Since J2iLi 6*; = one can exclude On = — Hf=i and proceed with the D independent 
variables: V and 9i, i — 1,2, ...D — 1. Finally, one can see that the Lagrangian and the 
constraint take the diagonalized and normalized form 



where 



D 2 4(D-1), 



and 



^* = So^'"' ^ ^ - + + + - + ""-'I- 

i = l,2,...,D-l (11) 

Notice that the Lagrangian (8) and the constraint (9) are invariant under dimen- 
sional symmetry group of translations and rotations of a D — 1 dimensional Euclidean space. 
In particular, the translational symmetry — > + 6* with constants 6*, i — 1,2, D —1, 
gives rise to D — 1 conserved quantities 

dz' 

Fi^-2p^ — , i = l,2,...,L>-l (12) 

As we will see in what follows, it is very important that the set of quantities ^ (which are 
the linear combinations of ^) measure anisotropy of the evolution of the universe. In fact, 
since Y^iLi = 0, all 9iS can have the same time dependence only if such time dependence 
is the trivial one, i.e., all of the 9iS are constants. Therefore, the set of D — 1 conserved 
independent quantities Fj measure anisotropy of the evolution of the universe. 

It is interesting to note that the constraint may be represented now in the following form 

H=(^^J + uSr\p)-l^ = ^ (13) 
where the classical effective volume dependent potential appears: 



All classical solutions exhibit cosmological singularities. This feature, as we will see below, 
can be avoided in quantum cosmology in the presence of negative cosmological constant and 
dust. 
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III. MINISUPERSPACE QUANTIZATION AND SOLUTIONS OF THE 
WHEELER-DEWITT EQUATION 

To produce a quantum theory from the classical one, we have to postulate canonical 
commutation relations and in addition, the constraint equation (9) has to be imposed as a 
condition on the wave function of the universe ^. The resulting Wheeler-DeWitt equation 
i?^ = is the fundamental equation governing the quantum cosmology. 

It is convenient to rewrite the Lagrangian (8) and the Hamiltonian (9) in a geometrical 
fashion 

TT r / .dq"dq'^ ,22 1 ra3 ,22 

= /a/3(?)-^-^+^ P - 1^^ '^TTc^TTp+U; p - // (16) 

where 

= ^ = 1,2,..., f^p{q) ^ diag{l, -p^) (17) 

are respectively coordinates and metric of our minisuperspace and tt^ are the momenta 
canonically conjugate to 5". 

The ambiguity due to operator ordering problem can be taken into account [7] by adding 
the "nonminimal" term $,TZf, where 7^/ is the scalar curvature corresponding to the metric 
fapio) ^-nd ^ is an arbitrary real constant depending on the operator ordering used. The 
resulting Wheeler-DeWitt equation reads [8] 

p^-l dp dp) p2 1. Q^2 

where we have used that the scalar curvature of the minisuperspace metric fap is TZf = 
{D-l){D-2)p-\ 

The inner product for sufficiently regular wavefunctions and $ is defined in the geo- 
metric form 



{D-1){D 



^ - Auj^p" + Ap 



^ = 0, 



(18) 
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= I d''q^\det{U)\^*{q)^q). (19) 

To solve Eq.(18), let us note that the Hamiltonian commutes with the generators —i^ 
of the symmetry — + 6* with D — 1 arbitrary real numbers 6*. It is therefore possible 
to take the solutions of (18) as eigenstates of the generators —i^ 

/ D-l X 

(27r)(^-i)/2- 

where Fj is an eigenvalue of the operator —i^, which is the quantum version of the conserved 
quantity defined by Eq.(12). The function R{p) is then determined as the solution of the 
equation 

(PR D -IdR K ^ ^ ^ 

H — + —R-Auj^p^R= -AiiR, (21) 



dp^ p dp pi 



where 



K = F"^ + i{D - 1){D - 2) (22) 

and F"^ is defined in Eq.(14). It is possible to regard Eq.(21) as a stationary Schrodingcr 
equation in a D-dimensional space (with mass of particle = 1/2) with an effective potential 

t/irr^(p) = -^ + 4u;V- (23) 

Depending on whether (i) > 0, (ii) K — Q oi (iii) K < Q the effective potential has 
an attractive core, is exactly a harmonic potential or has a repulsive core correspondingly. 
Then 4/x in Eq.(21) plays the role of the "energy" eigenvalue. Since the region p — ^ oo is 
classically forbidden, a physically acceptable solution of Eq(21) has to vanish in this limit. 
This leads to the quantization of the eigenvalues of the linear operator corresponding to 
Eq.(21). However, in our situation, it is not very appealing to quantize the energy of dust 
p because this is not a dynamical variable. In contrast to this, the conserved quantity F^, 
which is a measure of the anisotropy of the cosmological evolution, can be regarded as the 
quantized dynamical variable. Using the fact that appears linearly in Eq.(21), for a given 
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we select the appropriate values of such that the operator corresponding to the l.h.s. 
of Eq.(21) has as its eigenvalue the number 4//. Therefore we have different values of 
specifying uniquely the eigenf unctions. 
The solution of Eq.(21) is given by 



R = Rn(p) = Ny^-e-^^^""^ (^-n, ^ - 2n, 2\u;\p''^ , 



(24) 



where Nn is a normalization factor, $ is a confluent hypergeometric function, n is a non- 
negative integer and 



1 



1 / 



.„ = -[-(D-2) + v^(D-2)2-4Xj = -(^^-2n-- 
The corresponding quantized values of the length of the vector Fj are 



(25) 



F'^F^^il{D-2) 



{D-2)-i{D-l) 



\UJ\ 



-l-2n 



(26) 



and Kn in (25) is determined by via Eq.(22). Notice that the direction of Fj remains 
arbitrary. 

Avoidance of the cosmological singularity in the context of quantum cosmology can be 
defined as a statement that the amplitude — > as p cx: VV ^ 0. In our case, this is 
possible if s„ > 0, i.e. 



p > {2n+-)\uj\ 



(27) 



We see that the presence of enough amount of dust is a necessarily condition for the avoidance 
of the cosmological singularity. It follows from Eq.(25) that condition > imphes also 
that Kn < 0, that is F^ < —^{D — 1){D — 2). Assuming D > 2, this can be achieved for 
some F^ > only if ^ < 0. Notice that Kn < means that the quantum effective potential 
(23) has a repulsive core. 
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IV. THE DYNAMICS OF QUANTUM COSMOLOGY PROCEEDING IN 

COSMIC TIME 



A. Heisenberg picture 

Before studying the problem of defining the role of time in quantum cosmology processes 
in the framework of our model, it is important to understand some aspects of the classical 
dynamics. This is of importance since the quantum behavior has to satisfy, in some way, the 
correspondence principle. In particular, the time dependence of is determined by Eq.(12) 
which implies 

dz' Fi , , 

rfr = -v' (28) 

Eq.(28) can be obtained not only from the Euler-Lagrange equations but also from the 
Hamiltonian formalism, i.e. 

^^lr.:HU, -^ = --(^2/_j=|.,.H],, = (29) 

where ir^i is the momenta canonically conjugated to z\ Note that although H — along 
the classical trajectories, H has nontrivial Poisson brackets with z\ This allows a nontrivial 
(cosmic) time dependence through Eqs.(29), which provides information not contained in 
the constraint equation (9). 

We will now see that a similar situation appears in the quantum version of the theory, 
where so far the only thing we have cared about has been the Wheeler- De Witt (quantum 
constraint) equation (18). Normally, when quantizing a theory without constraints, the 
Poisson bracket [A,B\pb is replaced by where -B] is the quantum mechanical 

commutator of A and B. For any operator Q which does not depend explicitly on time, the 
Heisenberg equations hold 

'^-^-^[HM■ (30) 

For our purpose, it is convenient to work in the Heisenberg picture, where operators 
satisfy Eq.(30), but states are taken to be time independent, that is 

10 



(31) 



We are interested in a subspace of this space of functions, the so-called "physical sub- 
space", in which the constraint equation (18) holds [2]. The consistency requirement that 
the constraint be preserved in time, is here trivially satisfied because the constraint function 
H coincides with the Hamiltonian. Solution of Eq.(18) has been presented in the previous 
section, and it is now our purpose to look at the consequences of the Heisenberg equations 
that determine the evolution of operators defined in the whole space of functions (and not 
just states satisfying the constraint = 0). 

The operator equations that govern the cosmic time dependence of 2;* (i = 1,2, D — 1) 

are 

i d 



D-l 



k=l I 



2p2 dz^ ' 



(32) 



B. Quantum Mechanical Averaging 

We are going now to evaluate the averages of ^ and other dynamical variables. However, 
one should be careful on how averages are defined for wavefunctions (20) since these are 
normalizable in a continuous way only. 

To see that naive manipulations in this case can lead to wrong results, let us consider 
Eq.(30) together with the subsidiary condition H^! = 0. If we assume H to be an Hermi- 
tian operator, we would get (using the inner product (19)) that |(*|Q|*) = (*|^|*) = 
= 0, from where it seems to follow that all averages are time independent. 
However, the above manipulations are not correct, since the assumption that H is an Hermi- 
tian operator holds only if the functions considered are not pathological. In fact, the latter 
is not always true since if we consider, for example, the case Q — z'^, the state z^\^) (that 
enters in the expression {'^\i[H,Q]\'^)), where l^*) is given by (20), is very singular in the 
limit l^'l — > 00. So, the conclusion about the time independence of the expectation values 
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of all canonical operators Q{q, tt), i.e. that ^(^iQj^) = is always true, has been based on 
a wrong assumption. 

Notice that the 2;*-dependence of the wavefunction (20) (resulting from the symmetry 
— > + resembles other more familiar example in physics, namely the momentum 
eigenstate \p) of a free nonrelativistic particle governed by the Hamiltonian H = We 
have in the Heisenberg picture j^{p\x\p) = {p\-^x\p) = i{p\[H, x]\p) = i{p\{Hx — xH)\p). 
Taking into account that = ^ and assuming H is hermition, we get = 

-42 -Q, 

"^^(^ ~ 2^){'P\^\P) ~ 0- '^^^ dubious step is actually based on a wrong assumption, when 
we have taken for granted the hermiticity of H. The condition for the hermiticity of H 
fails in this case because of the singular behavior of the state x\p) at large distance and 
this is the reason why the result is wrong. In fact, we know that the right answer is 
obtained by replacing i[H, x] by p/m, that leads to the conclusion ((p|p))~^^(p|af|p) = p/m. 
Although the last argument leads to the right result, the method of calculation is not totally 
satisfactory, since it involves carelessly manipulating infinite factors like etc. The same 
conclusion can however be obtained more rigorously by defining 

1 d 



-{p\x\p) = lim lim 



(33) 



{p\p)dV IvHIp) Ix>-»|P) 

provided \(p) and |x) are states in the Heisenberg representation which have good enough 
large distance behavior (e.g. wave packets) so that the integrals appearing in the numerator 
and denominator in the r.h.s. of (33) are well defined (it means that the states \ip) and |x) 
are not eigenstates of the operators p and H). 

Proceeding in the same fashion in our quantum cosmology model, we define in general 

1 



(Q) = lim lim 



{v\Q\x) 



(34) 



where |^) = \Fi,n) is the eigenstate of the operator —i^ with the eigenvalue Fj and the 
corresponding wavefunction (p, z^l^) — ^(p, z^) is the solution (20 ), (24) of the constraint 
if\E' = 0; \ip) and |x) are states in the Heisenberg representation (and therefore static) 
which have good enough behavior as \z^\ oo, so that the integrals appearing in the 
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numerator and denominator of (34) are well defined. This necessarily implies that these 
states do not satisfy the constraint, i.e. Hip ^ 0, Hx 7^ although for a given point (p, z*), 
the wavefunctions {p,z'^\ip) and (p, 2;*|x) approach the wavefunction ^'(p, 2;*) in the limit 
process appearing in (34). 



In particular, when Q = we find 



(^) = ^^ hm hm 
^ dt' dt W)^m |x)^l*> 



1 dz"- 

-{^\4t\x) 



, where \^) = \Fi,n). (35) 



Mx) ' ' dt 

Using the definition (35) to evaluate the average of (32) in a state of the form given by 
Eq.(20), we get the result 

which corresponds exactly with the classical result (28). 

In the same way one can proceed to evaluate other averages. In particular, this way of 
proceeding gives for functions of p alone, Q{p): 

where Rn{p) is determined by Eq.(24). The convergence of implies the convergence of 
(^). One can show that (^)n is finite provided p > {2n+ 1)|<^| and 

= p-(2n + l)|a;r ^^^^ 
It is interesting to look at the average of which is given (using Heisenberg equations) 

by 

dt^ \ p4 ^p^dpjdz'' ^ ' 

It turns out that the average of in a state given by Eqs.(20) and (24) is identically zero 
provided 

p>2{n + l)\u\ (40) 
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One can show that the restriction (40) on the amount of dust is a necessary condition 
to provide the consistency of the main three items of our above analyzes: the constraint 
equation H'if = 0, the Heisenberg equations and definition of averages. 

Recall that the condition (27) is needed if we require that the universe have a zero 
probability amplitude of having zero volume. Comparing (40) with the condition (27), 
we conclude that for D > 4, the quantum cosmology problem under consideration has a 
satisfactory solution if the condition (27) is satisfied. We will assume it in what follows. 

It is very important also that the condition (27) is a stronger restriction on the amount 
of dust than is actually needed to provide that the average of the "volume" of the universe 
{V)n — 4(^3^1) (P^)n IS finite and it turns out to be time independent: 

\^>^ A{D-l)f Rl{p)pD-^dp IQ{D - p - {2n - l)\uj\ ^ ' 

In particular, for the ground state, n = 0, (y)n=Q — i6(g-i)a)2 (/^ ~ \^\)- The integrals 
appearing in (41) when tlicy converge of course give a positive result as it must be from the 
definition of (^)„. 

C. The Cosmic Time Dependence of the Expectation Values of the Cosmological 

Quantities: Some General Results. 

To see more clear the above results, let us now represent them in terms of usual cosmolog- 
ical quantities. In the totally anisotropic model (17), the corresponding classical variables 
are the "scale factors" ai{t) {I — 1,2,...,D) which have been parametrized by means of 
Eq.(7) in terms of the "volume" of the universe V{t) and D functions 9i{t) (/ = 1,2, ...,D). 
Remind that due to the identity J2iLi = 0) only D — 1 ol the ^;'s are independent . Rela- 
tions between variables V and 9i {i — 1, 2, ...,D — 1) and those p and z'^ are given by Eqs.(lO) 
and (11). 

In quantum cosmology, the average of z\ even with the improved definition (34), does 
not exist and therefore (34) has nothing to say on whether (zi) is time dependent or time 
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independent. In contrast to this, the average of (^) is well defined and in the present of an 
anisotropy (Fj 7^ 0), it is a nonzero finite constant determined by Eqs.(36) and (38). Then 
we find that the time evolution of {zi) is of the form {zi) = {^)t + d — {—{■^)nFi^ t + c\ 
where c* are undetermined constants. This yields to the following (cosmic) time dependence 
of the 9j variables 



(Oi) = ait + 7i, 

where 7j are integration constants and for i = 1, 2, D — 1 



(42) 



D + y/D-l)F,-J2Fj 



D{VD + l)ii-{2n + l)\uj\ 
From the identity Y^iLi 9i = we have for {9d) 

D-l D-l 

{9d) = ant + 7d where an = - ^ ^i, Id = - ^li 



(43) 



(44) 



1=1 



Besides, in the classical cosmology one can define D expansion parameters Hi = ^j^^^^- 
In the quantum version of the theory, we have of course to define the ordering of the operators 



-1/2,, a, -1/2 

definitions for Hi. We will choose a definition 



ai and For example, or etc. give quantum mechanically distinct 



(45) 



Using this definition, the parametrization (7) and results of the previous subsection one 
can evaluate the expectation values of the expansion parameters {Hi) which turn out to be 
constants: 



(Hi) 



.4(1.-1) J [^Jt^^^''^^^^^\ 



D ^'"491 



-17) 



D 



l/D 



Oil, 



\A{D -1)J ' dt' \4:{D -1)J 

where ai are determined in (43) and (44). 

Let us notice that Eqs.(7) and (45) together with the identity Z^^^i 9i = imply that 



(46) 
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D 



di 



{InV). 



(47) 



1=1 



Taking average on both sides of Eq.(47), we obtain the resuh that the sum of the averages 
of the expansion parameters equals zero, due to Eqs.(46) and (44) or alternatively from 
Eqs.(37) and (41). This shows that the definition (45) of the expansion parameters is 
consistent with the quantum stabilization of the volume of the universe, {V) = const, 



where 7; are arbitrary integration constants. 

V. INFLATION-COMPACTIFICATION AS A QUANTUM EFFECT 

We will now see that the results of Sec.4 allow to realize a dynamical explanation of 
the asymmetry in the sizes of extra and ordinary dimensions in the context of quantum 
cosmology. 

At the classical level, there is no difference on whether we use o; or In ai as our variables. 
If Eq.(48) were to hold classically, we could conclude that some dimensions exponentially 
expand and others exponentially contract, depending on the sign of ai, as given by (43) and 
(44) . In our case, the behavior of the universe is intrinsically quantum mechanical and we will 
refer to a " quantum inflationary phas^' for a given dimension I if the expectation value of the 
expansion parameter (Hi) = const > 0. Likewise we will refer to a "quantum deflationary 
phase" for a given dimension I if the expectation value of the expansion parameter (Hi) — 
const < 0. 

A case of particular interest is when the expectation values of the expansion parameters 
of three of the dimensions are identical and at the same time the expectation values of 
the expansion parameters of the remaining D — 3 dimensions are also identical. In such a 



Eq.(41). 

Prom (45) and (46), we see that the time behavior of (In a;) is given by 

/ D V^"" 
(lna,)= — - — - ait + % l^l,2,...,D, 




(48) 
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case ai — a2 — CKs = a and — — ... — ao = 0(- Then it follows from the identity 
J2jLi <^i — Q that a — —3a/{D — 3) and we get by using Eq.(43): 



°^°'"'^^ gb-(2. + i)Hi V-Zr:3-l^l- 

where = y''^^ and F^^ is determined by Eq.(26). 

Invoking our definitions of quantum inflationary phase and of quantum deflationary 
phase, we observe that one set of dimensions is in a quantum inflationary phase and si- 
multaneously another set of dimensions is in quantum deflationary phase. This situation is 
described by the following equations: 

(Hi) = a{n) for i = 1, 2, 3; 

{Hj)^a{n) for j=4,...,L>. (51) 

According to Eqs.(49) and (50), choosing the three dimensional subspace to be expanding 
one, we get the simultaneous contraction of the extra dimensions. During this quantum 
" inflation-compactification" process, the expectation value of the "volume" of the universe, 
V, remains constant determined by Eq.(41). 



VI. DISCUSSION 

The minisuperspace model of quantum cosmology we discussed here demonstrates a 
very interesting feature which is absent, as far as we know, in all other known quantum 
cosmology models. Namely, a widespread belief that the cosmic time, which one uses in 
classical cosmology, disappears in quantum cosmology altogether, seems to be not always 
right. In the presented model we have seen that quantum mechanical averages of certain 
cosmological quantities can explicitly depend on the same cosmic time which was used in 
the appropriate classical cosmological model. Short explanation of the essence of the idea 
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was given in the introduction, and for technical details see Sec.4 and Ref.[8]. Notice that 
the anisotropy in the evolution of the universe is an essential element which provides this 
unique feature of our Kaluza-Klein model. 

It has been found that quantum effects stabilize the volume of the universe, so that there 
can be avoidance of the cosmological singularity. The stabilization of volume is consistent 
with a new quantum effect: existence of a quantum inflationary phase for some dimensions 
and simultaneous quantum deflationary phase for the remaining dimensions. This effect can 
be responsible for a visible asymmetry between ordinary and extra dimensions. One can 
show [9] that the above results also follow if instead of dust we introduce a massive scalar 
field whose homogeneous degrees of freedom are described quantum mechanically. 
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